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Abstract 

It is shown that gravity generates mass for the fermion. It does 
so by couphng directly with the spinor field. The coupling term is 
invariant with respect to the electroweak gauge group U{1) (8) SU{2)l. 
It replaces the fermion mass term rmpip. 



1 



1. Introduction. 

The Lagrangian density for the spinor field is derived in appendix A 

Li = \nc^^rdf,^ - (9^V^)7''^} + ^V^7575V' e'^^-^e^^e^^dxe^, (1) 

In this expression, 7^ (x) = ej^ (x) 7" where 7" are the constant Dirac ma- 
trices. Gravitation is represented by the tetrad field e°^(x). Because of the 
coupling between tetrad and spinor, the two fields propagate together. It 
is similar to the coupling between electric and magnetic fields during the 
propagation of electromagnetic waves. 

It is shown in appendix B that Lf yields an electroweak Lagrangian 
which is invariant under the gauge group U{\) SU{2)l. The conventional 
mass term rml^ip has no such electroweak form. As a consequence, it cannot 
appear in the electroweak Lagrangian, and it does not contribute to the 
energy. What, then, is the source of fermion mass? We will find solutions 
of the coupling equation which also satisfy the Dirac equation. Therefore, 
these solutions describe particles of mass m. 

In this paper, the gauge fields will be ignored altogether. The gauge 
interactions play no part in the generation of fermion mass. 
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2. Field Equations. Energy Tensors. 

The (non-linear) coupling equation follows from Lf (1) 



il^d^^ + '--^d^{V^j^)i^ + 1^5^,Ve'"^^e„^e^^5Ae^, = (2) 
This, together with the conjugate equation, yields the conservation law 

5m(V=5?7'^^) =0 (3) 
If a plane wave solution exists 



N' 



( u, \ 

Us 
\U4 J 



exp {—ikfj,x^ 



(4) 



then dij,i/j = —ikfj,'ip and df^tp = ik^,ijj. It follows from the conservation law 
that d^{^/^^^^) = 0, and equation (2) simplifies to 



The gravitational field equations are 

where k = c^/SttG and the Ricci tensor is 

The material energy tensor is that of the spinor [1] 



(5) 



(6) 



(7) 



(8) 
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The structure of space and time is expressed in terms of a scalar, 3- vector 
basis = (eo,ej). The basis changes from point to point according to the 
formula 

V.e^ = caQ^, (9) 
which separates into scalar and 3-vector parts 

V,eo = eoQE], (10) 



Vv^i = ejQl (11) 



By definition Q^^ = Qq^^ = 0. All 28 independent coefficients are deriv- 
able from the scalar, three- vector metric g^i, = {goo',9ij)- Explicitly, 



Ql = C = ^5°°5.5oo (12) 
Q% = ^o = lrdo9nj (13) 
Qik = rik = lndkgjn + d,gnk-dngjk) (14) 



where 



= idx9up + d^gpx - dp9.x) (15) 

are the Christofcl coefficients. The symbols F^^ are symmetric in while 
the Q^y^ are not. The following formula holds good 

Q'tx = Kx^r9XnQl,^ (16) 

where 

QU ^ - ^A. (17) 
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The gravitational energy tensor is given by 



TlfJ = ^ {Q'mQU + Q,Qu - Ig.ug'^^iQ'ix.iQipr] + QvQr)} (is) 

where = Q^p^y There are 9 independent components Q'^^x\^ namely 



Qo^=o5^i5oo and Q^o = o5™5o5n,- (19) 



2" "'^^ 2 

For a static, Newtonian potential ip 



so that 



It follows that 



500 = 1 + (20) 



Q0, = ^5iV and Qjo = (21) 



To^o^^ = ^(V^)^ (22) 

4f = (23) 

= ^{5^V'9,V.-^5.,(VV')2} (24) 

which is the Newtonian stress-energy tensor. The topic of energy, momen- 
tum, and stress is taken up in section 6. 

In the calculations to follow, frequent use is made of the conditions 

e^2 = e^i ~ ^^2 ^^1 — ^^3 (25) 
Moreover, the focus is upon oscillating gravitational fields of very small 
amplitude. The coordinate system is taken to be nearly rectangular 



+ C (26) 
= (27) 

= 5;:+cc-5V"'+o(a (28) 



^The components e^^ are projections of the basis vectors onto an orthonormal frame. 
The e"i can be made symmetric, at any point, by suitably rotating the frame. The three 
rotation parameters yield the three conditions (25). These frame rotations do not affect 
the coordinate system {x'^}. 
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Therefore, 

= ^/ + o{e) (29) 

{^"^ and ^^^^ are small compared with unity.) Only the largest terms will be 
retained in the Ricci tensor 

R^^u = d,r^^^-dxr^^, (30) 

Expansion of the metric 

5^. = Vap e^e^, = r7aM<^"M + r^)(<5^. + C^) (31) 

yields 

= V^'dxdp^,^, + d^d.^x - d^dxi\ - d,dx^\ (32) 

and 

R = g^^Ri.. = 2rji''^{d^d,ex - d^^dxe.) (33) 
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3. The Coupling Equation. 

Define the pseudovector 

so that the couphng equation (5) becomes 



(34) 



(35) 



At the end of this section, it wih be shown that tetrad solutions e"^(a;) exist 
such that is constant in space and time. Anticipating this, substitute the 
trial solution (4) 



(kar - eal^T)i^ = 
where ka = ej^kfj,. Make use of the matrix representation 



7° 



To 

-ao 



7 



aa 



75 



1 

1 



(36) 



(37) 



and then introduce u = N 



X 



to find 



-{e^-aak-) -{k^-aas-) U 



or 



(38) 



(A;0-a„£«),^+(£°-a„A;«)x = 
(£°-(7„n'^+(fc°-(T„Ox = 

Add and subtract, in order to arrive at the uncoupled equations 



(39) 
(40) 



{(^k''-e'')+aa{k''-enW^-x) = 



(41) 
(42) 



For each equation, the determinant of the coefficient must vanish. In the 

first case. 



(A;0 + 6°) - (fe3 + £3) _(^k-+e-) 

-{k++e+) (fcO+£0) + (fc3+^3) 



(43) 
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where k± = i: ik^ and £± = it ie^ . This gives 

k^kt" + Ef^e" + 2kf,e^ = (44) 
while the second equation gives 

kf.k" + e^e" - 2kf,e'' = (45) 
Therefore, the constants k^ and are related by 

k^e^' = and k^k^" + e^e^" = Q (46) 



In the expansion of , all first order terms vanish 

= ^e'"'"e„'^5,6n (47) 

This expression contains no derivatives of e*^g. Thus, it plays no role in the 
spinor coupling, e°o = 1- With the substitution of the trial solution 

Cj = a'j cos{-K^x'') + b'j sm{-K^x^) (48) 
becomes constant in space and time (as was to be shown) 

eS = -leSainK^aanb\ (49) 
For later use, the components are 



£° = -]e'"''''K,aanb\ = -^e'' (51) 
4 Ao 

or K^si" = 0. 
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4. The Dirac Equation. Helicity. 

Fermions are described by solutions of the Dirac equation [2] 

ij^'d^ij; -mip = (52) 
[In this section, h = c = 1. The replacement m — > mc/h gives the explicit 
formula.] Substitute the plane wave (4) with u = ^ ^ ^ to find 

' and k^k>' = rr? (53) 



m 



The two component spinor is normalized to unity, (jr(p = 1, while u is nor- 
malized to /m 



u^u = N^—: = — N = \ (54) 

k" + m m V 2m 

In the following section, it will be shown that functions (48) satisfy the 
gravitational field equations, if the spinor is in a state of definite helicity. 
Helicity states are defined by the eigenvalue equation [3, 4, 5] 

^ct,± = ±0± (55) 
where A; = [{k^)^ + (k^)^ + (P)^]^/^. For positive helicity. 



(P -k) k- ^ 
k+ -{k^ + k) 



M = (56) 



which yields 02 = fpi- Normalize = 1 to find (pi = ^ and 

, 1 (k + k^^^ 

^/2kikTk^[ k+ ) 

Similarly, 

1 f -k- \ 



(57) 



^/2kikTW) \k + k\ 



(58) 



If the motion is along x"^, then these eigenstates coincide with those of spin, 
<^+=(o)and<^_=[j). 
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For the remainder of the paper, we focus upon the positive frequency, 
positive heUcity solutions of the Dirac equation 



m 



^+ = Y u+ expi-ik^xi^) (59) 
where 

u+ = n( ] (60) 

The solution ip^ must also satisfy the coupling equation (35). This will be 
the case, if 

7575 £^ u+ = mu+ (61) 
The corresponding two-component systems are 



After some algebra, these equations yield the expression 

e« = ^f-f^+m) (64) 
Make use of fc^e'^ = (46) in order to obtain 

e^ = k and e" = — — a = 1, 2, 3 (65) 

k 

This solution, together with (49), relates the propagation vectors A;^ and 
Kfj^. In appendix C, it is shown that k^ = aK^, where a is a very small 
constant, second order in the amplitudes. Therefore, the spinor and tetrad 
propagate with the same phase velocity k^/k"^ = K^/K''. 
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5. Gravity. 

It remains to be determined whether the gravitational field equations are 
satisfied. Setting = in (32) leaves 



Roo = dodoCn (66) 

Rij = V^'dy^dpiij + didjCn-d.dnCj-djdnCi (67) 

Conditions d^{^/^ ej^) = (section 2) are dx^^'^ + = to first 

order. It follows that 



r„ = and dnei = ^ = 1,2,3 (68) 

Therefore, the solution is both traceless and transverse; also Rqo = R = 
and 

R,, = v^^dxdp^.j (69) 

Since Rij is first order in ^ij, only first order terms will be retained in 
T/i™^ (8). The derivative is proportional to k^, which was shown to be 
second order in ^ij. Expand T^^^ to find Tq^^ = and 

= ^^^5^,^ e^'^'^iriaid^^bj + Vajd^^M) (70) 
The factor V'7575V' is evaluated by means of the helicity state 

^+7575V'+ = u+^^-isu+ = —j^ (71) 

therefore 

Tif=-^ e'"'"£5(^a^5^6, + ^a,d,iu) (72) 

Substitute the trial solution (48) and simplify, making use of A;^ = aK^, in 
order to obtain 



rp{m) 

ij 



4^(^o-^)e K 



[riaiO-bj sini-Ki^x^") - rjaibbj cos(-ii'^a;'*)| 

(73) 
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At this point, the gravitational field equations are 



- Kit:,,- = 7^7^ (74) 

The integration volume is introduced on the left-hand side by means of a 
length parameter A: k — > /V . Substitute the trial solution to find 



V 



^ (Kl - K^){aij cos(-iC^x^) + bij sm{-K^x'')} (75) 

Equate coefficients of cos(— JC^x'') and sin(— if^x'*) in (73) and (75) to find 
that solutions exist only if 

»A» = ^ (70) 

In this case, 



-^e'^'^^{r)aAj+r,aM} (77) 

l^''''^''^{wj + VajaM} (78) 

Therefore, the gravitational field equations are satisfied. An explicit solution 
is given in appendix D. The following are two special cases: 

(a) Motion along the x^-axis; = k'^ = = K'^ = 0. 
In this case, K = = —K^. Prom appendix D, a^^ = 6^^ = 0. The solution 
is 

^\ = a\cos{-Kf,x^) + b\sm{-K^xt') (79) 
^2 = (80) 
= -b^iCOs{-Kf,x'') + a^iSm{-Kf,xi') (81) 

If the phase is such that b^^ = 0, then this is identical to the solution found 
in [1]. 



ttij — 
bij = 
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(b) Motion in the {x^, x^) plane; = = 0. 
In this case, {K)"^ = K2 + K^. The solution is 



e\ = a\ cos(-K^x'^) + 6\ sin(-ir^x'') (82) 

^2 = -(^) [a\ms{-K^x^) + h\sH-K^x^)^ (83) 

^'3 = -(^)'{a\cos(-iC^x'^) + 6\sin(-X^x'^)| (84) 

^'2 = ^[h'.co^i-K^x^') - a\sm{-K^xn^ (85) 

^'3 = ^^[a\cos{-K,x>^) + h\sH-K,xn^ (86) 

^'1 = -^{h\cos{-K^x'')-a\sin{-K^xi')\ (87) 
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6. Energy, Momentum, Stress. 

The total density of energy, momentum, and stress is given by 

T^. = Tl^J+Tj^^ (88) 

The gravitational energy tensor (18) is simplified in the present case, because 
qO. = dii^Q = and QIq = doCn = 0> so that = 0. This leaves 

^00^ = 4^0 y QmoQm (89) 
T^Sf) = (90) 

^ij = oy QmoQlo ^ij (91) 

Make use of (77, 78) to find 

a'^'aim = h'^him = -e'^^^^^aa^b^ (92) 
while a^'^bim = 0. It follows that 

QLoQiS = do^'^^doiim = {Kof a'^aim (93) 

Compare (92) with (51), then make use oi = k and = aK^ in order 
to obtain a'-'^aim = 4a. Therefore, QmoQiQ = ^^oKq and 



<g) _ hcko _ hu 
^00 - -y- - -y 

T^f = (95) 
V 



T^' = —Sij (96) 



The stresses are constant and purely compressive. 

With regard to the matter tensor T^u^^ , the stress components T^^™^ were 
given in (73). They are first order and propagate along with the tetrad. 
Components Tq^^ and T^^^ are calculated from (8) by means of 



^+j5tp+ = -^ and V+7575V'+ = (97) 
The material energy density is 
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^00 - - ^^ae 4 SoCcn " + ^^a^ " (98) 

where (49) and (65) have been used. The density of momentum is 



(m) _ tlCKj tic Oabc„ na „ , "'^ ^Oabcc n/^at c- f) f:: \ {QQ\ 
^Qi - —y 4koV 8koV " {^i^^cibn-^cOi^bnJ (99) 

Substitute the solution (48) to find that the last term is zero. The second 
term is a divergence e^'^dnCci = dn{e.^^eci)-, since dnC},^ = 0. Therefore, 

TfS™) = + a divergence (100) 

In sum, the fermion's energy is given by the gravitational component , 
while its momentum is given by T^f^ . The total energy Tiuj is conserved, as 
is the total momentum Uk^. 
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7. Concluding Remarks. 

Despite the equality (61), the couphng equation and the Dirac equation are 
not equivalent. They differ in their matrix algebra. The coupling equation 
conserves not only the vector current (3), but the axial vector current as 
well 



This is clearly due to the mass term mtpij;. The electroweak interaction 
contains conserved vector and axial vector parts. Thus, the mass term 
cannot appear in the Lagrangian. 




(101) 



The Dirac equation does not conserve the axial current 




(102) 
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Appendix A: Spinor Lagrangian. 

The covariant spinor derivative is [6, 7] 

D^i^ = d^^ + r^v (103) 

where 

^,= 1 - OJaP, = C^aP, (104) 

The conjugate expression is 

D^'^ = d^ii-i;r^ (105) 

The spinor Lagrangian density is given by 
Lf = '-hc{^rD^i;-{Di,ii)ri;} 

= '-hc{i^j''d^i; - (a^?)7^V'} + l^cv^ (T'^r^ + r^T'^) V' (loe) 

The couphng term may be reduced, by first expanding 

= ll^'^l^r^ojo^^, (107) 



where 



2 

The identity [7] 
then gives 
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7575e*"^^a;[„/3^] (110) 



since is totally anti-symmetric. 

The covariant derivative of the tetrad is zero 

a,e/-e/a;'^,, + e,VA. = (HI) 

so that 

Q\u = ^Xd^^^\+^\. (112) 

Beginning with formula (16), it is readily shown that the anti-symmetric 
tensor 

Q[^^uX] = 9i^pQ[uX] + 9upQ[x^,^ + ffApQj,^] = (113) 

Therefore, 

= e^pS^e^^] + (114) 

or 

'^[^lu\] = e\dyea\] (115) 
Substitute this expression into (110) and (106), in order to obtain 

= '-hc^^'^d^i; - (a^^)7''V'} + ^?7575^ e^'^^^e^e^^dxep, (116) 
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Appendix B. U{1) SU{2)l Gauge Invariance. 



The gravitational coupling term in (1) contains the factor ip^^^sip. This 
factor does not mix right- and left-handed spinor components, tpR and tpL- 
In order to prove this, set 

V' = V'fi + V'L = ^^V' + ^^V' (117) 

where (75)^ = 1 and 7575 = -7575. Also, tpR = '4' ^-p- and ipL = ip 
In the expansion 



the mixed terms are identically zero. For example. 



'>Pr7575'>Pl = -0 — ^ 757<5 -0 = "0 757<5 - — "0 = (119) 

Therefore, 

^^7575^ = ^Rl^lsi'R + i^LlblS^L (120) 

An expression of this type will be invariant under U{1) SU{2)i gauge 
transformations. El Introduce the right-handed singlet V'R = gr and left- 
handed doublet t/^L = { ) in order to form the Lagrangian 



+Y{V'R757<5V'iJ + V'l7575V'l} e^"^^e,^e/5,e^A + i^ni (121) 



(plus expressions for the muon and tau). Lint contains the electroweak 

andZO. 



interaction as well as kinetic terms for An , , and 



^The Dirac mass term mipip — m{ip^ipL + ipi^il'R) mixes right- and left-handed spinors 
and cannot appear in the electroweak Lagrangian. 
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Appendix C. Proof of fc** = aK^. 

Begin with equation (49) and substitute the transversaUty conditions (68) 
in the form 



1 _ Xaf i^l 1 ^2 2 , ^3 3 



2 Kij Ki , i^2 2 ^3 3 1 no-^^ 

= ^i^«^-^«^-KlK2"3j (123) 



K2( K, , K2 2 ^3 3 \ no/l^ 



This yields 



8K1K2K3 



+{Kl + Kl){a\b\ - a\b\) + {kI + Kl){a\b\ - a\b\)^ (125) 
Comparison with = (A;, k^k^ /k) shows that ¥ = aK^. Next, make use 



of K^e^' = to find 



.0 = 

8K 



§^^[iKi + Ki)ia\b\-a\b\) 
+{Kl + Kl){a\b\ - a\b%) + {Kf + Ki)ia\b\ - a\b\)^ (126) 



and A;° = aK'^. 
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Appendix D. Gravitational Solution. 



The transverse, traceless conditions (68) are imposed upon the solution (48). 
In the equation ^n^"'^ = 0, the coefficients of cos(— ii'^x'^) and sin(— ET^x'^) 
must equal zero 

Kna'\ = and Knb'\ = i = 1, 2, 3 (127) 
Similarly, the trace condition = requires 

a\ = and 6\ = (128) 

These four conditions leave two independent amplitudes j as well as two 
b'j. [8] 

In order to solve the three-dimensional problem, we first choose the in- 
dependent amplitudes to be a^i, a^25 ^^i; ^^2- The transverse, traceless 
conditions are then used to eliminate all other amplitudes. Finally, equa- 
tions (77, 78) are used to eliminate a^2 ^^2- The solution is 

= a' J cos{-Ki,x^) + b'j sini-K^x^") (129) 

with 



-l^iKfKl - KlK^)a\ - 2KiK2KsKb\^ (130) 

:J^{KfKl - KlK^)a\ + 2K^K2K^Kh'^ (131) 

-ifiK2a\ + i^3if6\| (132) 

-^K2K^{K^ + Kl)a\ + K^K{Kl - Kl)h\^ (133) 



a^2 = 


1 






= 


1 




{Kl + Kiy 


a^2 = 








a^3 = 


1 




{Kl + Kl)- 




1 

Kl + Kl 


and 




_ 


1 



(134) 



^ " {Kl + KlY\ ^ ' ' ^ ' -6^^J-i^ 

= ~ {Kl + Klf {^^i^2i^3i^a^ - {KlKl - KlK-')b\^ (136) 
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b\ = -j^^^^l^K,Ka\ + K,K2b\'j (137) 
= ~ (Ki + Kir {^^^(^2 - Kl)a\ - K2Ks{Kf + K'')b\'^ (138) 
= ■^2^{K2Ka\-K^Ksb\'^ (139) 
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